AN
V’Q. Unit - IV

Curve Fitting and Optimization
Introduction

In this unit we first discuss the topic curve fitting. This is a method of finding a specific
relation connecting the dependent and independent variables for a given data so as to
satisfy the data as accurately as possible. Such a curve is called the curve of best fit.

Optimization is a technique of obtaining the best results under the given/prevailing
circumstances. The technique is used for utilization of resources in industry, business
management, economy planning, agriculture etc.

Curve fitting by least squares method

Curve fitting is a method of finding a suitable relation or law in the form y = f(x) for
a set of observed values (x, ,y,),i =1, 2,

Such a relation connecting x and y is known as empirical law.

This relation is most suitable for predicting/estimating the value of i for a given value
of x. The method of least squares is as follows.

Suppose y = f( x) is an approximate relation that fits into a given data comprising
(x;,4,)i=1,2 ...n then y/'s are called observed valuesand Y, = f(x;)are called
expected values. Their difference R, = y,— Y, are called the residuals or estimate

€ITOTS.

The method of least squares provides a relationship ¥ = f( x) such that the sum of the
squares of the residuals is least.

Fitting of a straightline y = ax+b

Considerasetof n givenvalues (x,y) forfittingthestraightline y = ax+b where
g and b are parameters to be determined. The residual R = y—(ax+0b) is the
difference between the observed and estimated values of y. By the method of least
squares we find parameters @ and b such that the sum of squares of the residuals is
minimum {{east).
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et §= 3y R?

ie., 5

)

b [y—(ax+b)]2
1

Treating S as a function of two parameters 2 and b the necessary conditions for

S to be minimum are 95 =0 and Qé =0
da Jb

ie., 2£[y—(ax+b)] (—x)=20
1
and 2% ly—(ax+8)] (-1) =0
1
Dividing both the equations by 2 we have
- i xy+£: ax2+£bx=0
1 i 1

0

-3yt Yax+3 b
1 1 1
But b =b+b+b+.. . 5 times = nb and hence we have
1

aZx2+bZAr;zx_y
ayx +nb =Ty

These equations are called normal equations for fitting the straightline ¥ = ax+¥ in
the least squares sense. By solving these we obtain the value of # and b.

4.22| Fitting of a second degree parabola v = a alibx+c

Consider a set of n given values (x, y) forfitting the curve vy = ax 2 bx+e.

The residual R = y —( ax*+ bx + ¢ ) is the difference between the observed and
estimated values of y. We have to find parameters a, b, ¢ such that the sum of the
squares of the residuals is the least,

Let S$=3 [y-(ar’+bx+c)]
1

Treating S as a function of three parameters a, b, ¢ the necessary conditions for §

. ds a5 a5
to be minimum are éa =Q, éb =0, E =0
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ie., 2% [y—(ax2+bx+c)](—x2) =0
1

M

2% [y-(a*+bx +c)] (-x) =0
1

n

2% [y —(a®+bx+c)](-1) =0
1

Dividing all these equations by 2 we have,

I
o

fn H "t n
—szy+2ax4+ sz3+2cx2

i 1 1 1

i H

-3 xy+Zax3+sz2+Zcx
1 1 1 1

Il
o

H n

i} n
~ 3y +Zax2+sz+2c =0
1 1 1 1
"
But Yc=c+c+c+...n times = nc and hence we have
1

a2x4+b2x3+52x2:2x2y

aZxS+be2 teyx =% xy

a2x2+b2x +rc =%y
These equations are called normal equations for fitting the second degree parabola
y=a x> +bx + ¢ in the least square sense. By solving these we obtain the value of
a, b, c
Note : The normal equations for fitting a straight line or parabola can be written instantly
from the desired equation of the curve as follows.
We first apply stmmation (Y) to the desired equation keeping the constants a, b, ¢ outside
the summation where the summation of pure constant terms like ¥ a, T b, 3 ¢ are to be
writftenas na, nb, nc... respectively.
We then multiply the given equation by the independent variable x and apply summation
again. This will suffice for fitting a straight line. However in the case of parabola we must also
multiply by X and apply summation.

4.23 | Fitting of a curve of the formy = a et

Consider y = a o, Taking logarithms (e the base ¢) on both sides we get
log,y = log,a+bx log e. Butlog e =1
ic., loge y = log{, a+bx

or Y = A+ BX Y]
where Yzlogey, A= log(,a, B=b, X=x



198 : CURVE FITTING AND OPTIMIZATION

It is evident that (1) is the equation of a straight line and the associated normal
equations are as follows.

YY =nA +BY X L@
XY =AYX + BY X2 . (3)
Solving (2) and (3) we obtain A and B. But log,a=A > a-= e ; Also b =B

ik

Substituting these valuesiny = a¢™ we get the curve of best fit, in the required form.

b

4.24| Fitting of a curve of the form y = ax
b

Consider ¥y = ax
Taking logarithms (fo the base e) on both sides we get,

log .y =Tlog a + blog x
or Y= A+BX o AD
where Y =log .y, A=1log.a, B=F, X =log x

The normal equations associated with (1) are same as in the previous case and we can

obtain a4, b. Substituting 4, b in y = ax?

form.

we get the curve of best fit in the required

Remarks

The curvesy = a e, ¥y =4 1 are called exponential curves and these equations are obtained

by modifying the same into the form of a straight line. y = a b" also admits the same procedure.
A few more equations for the benefit of readers are presented in the following table which can
be reduced to the form of a straight line by suitable modification and substitution.

| :
. - Desired equation Maodification Substitution = Reduced Form
.- . - . . E e = e - . . . .I P — PR -
L y=ax"+b - X =x" .y =aX+b
P . x-1 X
I . y = a+x - = ¥ ) ¥ = 0+ 0 I
Multipy by x to abtain !
3 ¥ =ayv+— P¥ Py 2 :_‘(y!X:xz Y=aX+b !
Yy =ax+b |
X 1 1 -
4. yo= - l:ﬂ—*—bf or l=£+£J Y=, X=-"- Y=aX+h
a+bx ¥ X y X i X
| log,x+nlogcyzlog,a Y= log](_y
o ‘ T ;
50 xy'=ua L A=-T Y = AX+B |
: - = —r — : . . ;
log, v it log a-log x J B - }1_110&‘ ;
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Working procedure for problems
< We first write the normal equations approriate to the curve of best fit,

& We prepare the relevant table and find the value of all the summations present in
the normal equations.

= We substitute these values to arrive at a system of equations in the unknown
parameters. )

= We find the parameters by solving the system of equations and substitute in the
equation y = f{ x ) which being the curve of best fit.

Note : 1. The solution of the system of equations in 2 or 3 unknown can be obtined directly
from the latest commonly used scicntific calculators. | Version : Casio fx-100 ,
fx-991MS, fx-991ES]

2. If the magmtudes inveolved in the data are big, we may modify the data choosing a
convenient origin somewhere in the middle and finally revert back [ See problem : 5 ]

WORKED PROBLEMS
1. Fitastraightline y = ax+b for the following datn.

« o1 | 3 4 e s | e | 14

R ——— e — e e o b ' ——

y v o2 4 4 s L7 [ 8 |09

>> The normal equations for fitting the straight liney = ax +b are
Yy =a¥x+nb
ny=a2x2+b2x {n=28)

The relevant table is as follows.

x Yy xy x?
0 T
S R TR (T o
4 1 A 16 e
6 4 24 ] 36
8 5 40 e
AR R 63 81
11 - SUUPIN. . S 1 S
o 9 126 196
> x =56 Yy=40 Y oxy = 364 y % = 524
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The normal equations become
56a+8b =40
524a+56b = 364

On solving { Using calculator ) we have,
a = 0636363636 =064 ; b = 0545454545 = 0.55
Thus by substituting these valuesiny = ax+b we obtain the equation,

y = 0.64 x +0.55

2. Find the equation of the best fitting straight line for the following data and hence estimate
the value of the dependent variable corresponding to the value 30 of the independent

variable.
o« D s e s w0 |
R 2% 0 |

>> Let y = ax+b be the equation of the best fitting straight line. The associated
normal equations are as follows.

Sy =adYx+nb
nyzaz;r2+b2x (n=5)

The relevant table is as follows.

B N 2 e

- S R 25

10 1., 19 | 100
NS - S IR < S R - B S
o |26 0 B0 400
________ 25 % 750 625
_Xx=T | Zysm4 ] Sy =185 0 3o
The normal equations become

7Da+5b = 114

1375a+75b = 1885

On solving ( Using calculator Y we have, a = 0.7, b = 12.3
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Thus by substituting these values in Y = ax+b we obtain the equation of the best
fitting straight line in the form

¥y =07x+123

3. Fita straight line in the Joast square sense for the following data

e T A e

' x i 50 70 : 100 120 i
e S e SN S ¥ U
S Rt S -

>> Lety = ax + b be the equation of the best fitting straight line in the Jeast square
sense. The associated normal equations are as follows

XY =aYx+nb

> xy =a):x2+bz.r (n=4)

The relevant table is as follows.

T A I T
S T S Nt N S S
a0 s T e w0 ]
A I S O T |
oo 20 b - B U
|I 2 x =340 1 Yy=73 || Yy = 6750 3 xz_.= 31800 J'

The normal equations become
340a+4b =73

318004+ 340 b = 6750

On solving ( Using calculator ) we have
2 = 0.187931034 =~ .19, = 2.275862069 ~ 2.28
Thus the required equation of the straight line in the least square sense is

¥=019x + 228
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4. A simply supported beam carries a concentrated load P at its mid point. Corresponding to
various values of P the maximum deflection Y is measured and is given in the following

table. . L L
e | w0 [ 20

o7 | 08 | 085

P ! _EOO r 120 ;
op o ow | ooy
fjﬁﬁL@Q

[—

0

Find alaw of the form Y = a + bP and hence estimate Y when P is 150.

>> The normal equations associated with Y = @+ bP are as follows.

SY =na+tby P

SPY =ay P+b L PP (n=6)
The relevant table is as follows.
[ P | Y | PY et W
R o | a5 000 |
oo ess s WL
I U R .. s 19600
BT I T R - -
BT .
20 . 08 170 | 40000
] 3 P =900 r T Y =395 T Y PY = 621 y P = 142000
The normal equations become

6a +900b =395

900 a + 142000 b = 621
On solving ( Using calculator ) we have
g = 0.047619047 = 0.0476 ; b = 0.0040701429 = 0.0041
Thus the required law is Y = 0.0476 + 0.0041 P.
Y = (.6626 = 0.66

Q-  Fit a straight line to the following data.

| Yer __
| Production (intons) | 8 | 10 12

om0

0
R T U B

. |

Also find the expected production in the year 2006.
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>> Let year and production respectively be represented by the variables x and y.
We shall fit the straight line in the form y = a + bx. Since the values of x are large in
magnitude, we may prefer to modify the same by choosing a convenient origin
somewhere in the middle.

Let X = x—1981 and the Jine of fit will be y = a+bX
[Note : If the data was upto 1991 (say) we can take X = x - 1975]

The normal equations associated with y = a +bX are as follows.

Sy =na+b ) X
SXy=ayY X+bS X (n=5)
The relevant table is as follows
i X y Xy x?
: -20 8 - 160 ! 400
———— . v S —_—
-10 10 - 100 : 100
0 R I
0 o oo %00 D | |
20 16 320 _ 400
. e J _?____ — . —_— F—
! TX=0 Y y =56 J TXy=160 | ¥ x*=1000

The normal equations become,
52 = 56 and 1000b = 160
a=112 and b =016
Hence y = a+bX, with X = x- 1981 becomes
y =112+016 (x-1981)
Thus y = —305.76 + 0.16 x is the required line of fit.
Alsowhen x = 2006, y = -30576+0.16(2006) = 15.2
Expected production in the year 2006 is 15.2 tons

6. Fit a second degree parabola y = a x> +bx+c in the least square sense for the following
data and hence estimate yat x = 6.

X o 2 3 4 5
_y 1 10 2. .. B BRL T SE
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>> The normal equations associated with y = ax*+ b x + ¢ are as follows.
Yy =aZx2 +h ¥ x +nc
S xy =a2x3 +£rzx2 tc ¥ x
szy =a£x‘2l +b2x3 +ch2 (n=25)

The relevant table is as follows

SR S I
) y o | Py 2 ¥ l v

1 10 0 | 10 | B 1 |

2 12 24 48 i | s e |

. A T . — A |
3 B 39 17 9 27 1 8

4 16 64 | 2% 16 64 L 256

. R R _.?__. Cmme o . R ,_ ———— e b F <|

5 19 95 | 475 5 1 15 65

2x-—15 Ey—70|2xy—232 ny—906 Zx-55[2x3~2252x—979'

—_— - RS S — ———

The normal equations become

55a+15h+5¢ = 70
225a+55b+1hec = 232
979a+225b+55¢ = 906

On solving (Using calculator) we have
a = 02857=029,b = 04857 =0.49,¢c = 94.

Thus the required second degree parabola is

y=029+049x+94 Alsoat x =6, y= 2278

>> The normal equations associated with y = a + b x + ¢ x° are as follows.
Zy:na+bzx+c2x2
Yaxy=a3 x+b Zx2+c2x3
Zx2y=a2x2+b2x3+czx4 (n

Il
%31
—
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The relevant table is as follows.

e I
S O e . S S A
2| 13 26 52 | 4 8 | 16
C8 25 foo7s w5 9 27 8l |
423 92 %8 16 | 64 . 256
Tx =105y =89 Fay = 21 52y < 663 T4 = 30| 5 = 100|54* = 354

The normal equations become
5a +10b +30c =89

100 +306 +100¢ 211

i

30a +100k +354c¢ =663
On solving ( Using calculator ) we have, a = 1.0771, b = 04157, ¢ = -0.0214
Thus the parabola of fit is

y = 1.0771 + 0.4157x — 0.0214

8. Fitaparabolay = a Cabx+c by the method of least squares for the following data.
S S S T P RO S | R
B A I A

>> The normal equations assocated with iy = ax® + bx + ¢ are as follows.
Sy = a2x2+b2x+m.‘
. 3 2T
Sxy=adx+bY " +cYx
¥y =aysteby i eey’  (n=5)

The relevant table is as follows.
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S A N R
2 | s | e | 228 4 8| 16
4 1285 | 5140 20560 16 | 64 | 25

6| 347 | 18882 3292 36 216 | 129

_______8 57.38 J 459 04 __3672.32 ' __ 64 i 512 4096
10 9120 91290 |, 912900 . 100 1000 | 10000
F: Sy S o, vy v v | 3o
-0 [ =106 =163 |Gasmia S0, <180 | = 1566

The normal equations become
2202 +306 +5c = 196.06
18002 +220b +30c = 16183
15664 a + 1800 b + 220 ¢ = 14152.12
On solving ( Using calculator ) we have,
a=0991%, b =-085507, c=0.696
Thus the required parabola of fit is

y = 0.992 x* - 0.855x + 0.696

9.  Fit a parabola for the following data.

X 1 2 |3
y_.1..%. 6 7

4 5 6 7 8 9 |
8 110 u LR B S

>> Lety = a+bx+ cx? be the parabola of fit. The associated normal equations are
Yy =na +b¥x +ch2
Yxy =ayx +bZJr2 +ch3
Zx2y=a2x2 +52x3+c2x4 ‘(n=9)

The relevant table is as follows.
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: x | .‘f_ xy o xzy T X P ¥t
1222 N
26 o1 . a4 | 8 16
s 7 2t v &8 % 27. 81
4 8 @ 128 % | 64 | 25

5 4. w_ | s | 0 . 2 125 625

6 ) 11 . 66 __396 36 216 B 1296

AN T S AN - 9 . M 0

s | 10 | s | e | e | s a0
A S N S~ L S 729 656l

Tr=45 Yy=74 Yay- 215y = 2771 T4 = 285 |3 = 2025|374 = 15333,

The normal equations become
9a +45b +285¢ =74
45a +285b +2025¢ 421
28542+20255 +15333 ¢ 2771

On solving ( Using calculator } we have,
a=-092857, b =352316, ¢ = -0.26731

Thus the required parabola of fit is

y = —0.93 +3.52x — 0.27 ¥

10. Find the best values of a, b, ¢ if the equation y = a+bx + o’ is to fit most closely to the
following observations.

Observations. L
X o - o 4+ 1oy 2
y ~3150  -1390 | 0620 . 2880 5378

>> The normal equations associated with y = a+bx+c¢ 2 are as follows.
Sy =na +b¥x +f:ZJc2
S xy ayx +b2x2+c2x3

Yty

The relevant table is as follows.

il

ay2+by e +eyat (n=5)
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L2 =315 L 630 -1260 4 -8 | 16
. .

U Ut = O T SOt S

L0 e 0 o0 U B T

|2 5378 1076 2Asl2 4 8 | 16|

' Tx=0 Fy=4338Txy= 213265y = 10402 Y% =10 Y =0 sz‘* =34

The normal equations become
5a4+10c = 4.338
10b=21326 .. b=21326
10a+34c = 10402 - {2)

On solving (1) and (2) | Using calculator | wehave, a = 0.6210,¢ = (.1233

Thus the best values a, b, ¢ for fitting the parabola ¥ = a+bx+¢ ¥ are

a= 0621, b=21326, c = (.1233

L. Fitacurve of the form y = a e for the data

oy B2 S se
bx

>> Considery = ae
log,y = log a+bx log,e. But log, ¢ =1
Denoting Y = log,y, A =log a wehave, Y = A+bx which is a straight line.
The associated normal equations are as follows.
Y =nA +bYx
YxY = ASx+bYxr (n=3)

Ti\e relevant table is as follows.
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x L} Y =log, y xY | v ].
0 812 2.0943 { 0 I' 0
2 r 10 . 2.3026 | 46052 o 4 .
A L
| sx=6 ZY—78570 zxY_1s4456: le_zg |
The normal equations become
3A +6b = 7.8570
6A +20b = 18.4456
On solving ( Using calculator ) we have,
A = 19361, b = 0.34145 = 0.3415
A=log,a=19361 = a=c" =" 269317
The curve of fitis y = a o
Thus y = (6.9317) &*315% s the curve of fit.

12. Fit an exponential curve of the form y = a o by the method of least squares for the
following data

CNeofpeus 5 6 L7 89 0

Noofflowers 1% s » 722

>> Note: The preliminary steps are to be retmced as in th(’ previous problem.

We shall preparf the relevant table with n’ﬁ’rcnce to the same. (n = 6)

; x : y y = log y e ' xY : 2

5 23* Coam L ueels 5

| 6 : 8% o 403 28048 %6
7 = L T s B .
8 7o e ssm | e
o 2 oe o emm | 81 |
0 2.0 eeml o esso | 100

Tx =45 5Y= 153652 | Ty = 991799 sz - 355
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The normal equations become
6A+45b = 153652
45A+355bh = 99.1799
On solving ( Using calculator } we have,
A =94433 and b = -09177
loga=A = a-= et = B 2 106033

Thus the required curve of fitis ¥ = (12623.3)¢” 0.9177 x

13.  Fit a least square geometnc CUroe y =ax for the following data

R
Ly 05 .0 s 8 o125
>> Consider y = ax’
log,y = log,a+blog ,x and let Y = log,y, A =log,a, X = log,_x.
The normal equations assoctated with Y = A+ b X are as follows.
Y =nA +b6YX
YXY = AYX+b¥x*  (n=5)
The relevant { t_gble is as fo_llgws L _ S
X | Yy = log X = log yr Xy x? 1:
Ctes 0 oem 0 0
2 2 06931 06931 04804 | 04804
3 45 10986 15041 16524 | 12069
4 | 8 13863 | 20794 28827 | 19218 1‘
5 125 1.6094 2.5257 ' 4.0649 2.5902 ‘

The normal equahons become
5A +4.7874b = 6.1092
4.7874A + 6.1993b = 9.0804

On solving (Using calculator) we have, A = —0.69315, b =2

A - 0.69315

log,a=A = a=¢" =¢" =05

y = 0527 isthe required curve of fit.

ZX—47874 ):Y_61092 LXY—90804 ZX2‘61993
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14.

An experiment on lifetime t of cutting tool at different cutting speeds v (units) are

given below.

. Speed () 35 40 i 500 600
Life () 61 26 7 | 26

Fit a relation of the form v = a tb

>> Considerv = a {

Let

log,v = log,a+blog, t

V=log,v, A=log,a, T=log t and hence we have the equation V=A+bT.

The associated normal equations are as follows.

YV =nA +b3T

VI = AST +bYT°  (n=4)

The relevant table is as follows.

4 t V =log,v T=1logt - vr T2
350 61__ ~ 5.8579 4.1109 24.0812 168995 |
400 | 26 59915 32581 | 195209 106152 |
50 | 7 | 624 - 19459 12093 | 37865
600 26 6.3969 0.9555 61122 | 0913 |
| YV =244609 T T =102704 | Y VT = 61.8073| 377 = 322142

The normal equations become

4 A +10.2704 b = 24.4609

10.2704 A + 32.2142b = 61.8073

On solving ( Using calculator ) we have A = 65539 and b = -0.1709

Thus

A=log,a = a=e" =% =7019766

the required curve of fitis v = (7019766 ) t 0.1709
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15.

Fit a curve of the form y = a b® for the data and hence find the estimation for y when

v | v Ly e | ows o1

>

Let

Considery = ab*

log, y = log,a+x log b

Y =log,y, A =log,a, B = log b and hence we have the equation Y = A+ B x.

The associated normal equations are as follows.

Y =nA +BYx

TxY = A2x+82x2 (n=7)

The relevant table is as follows.

x y Y = log, y | xY ? 2
1 s aaee 4aee 1
2 o7 asm7 . oas4 4
3 us L oamm a2 9
s 129 0 48598 194392 | 16

5 202 53083 265415 5 |
6 195 52730 316380 3
7| 13 | 52627 . 36839 | a9
Tx =28 SY = 344718 YY = 1422551 $2% = 140 |

The normal equations become

7A+28B = 344718
28A + 1408 = 142.2551

On solving ( Using calculator ) wehave A = 4.3,B = 0.156

A

A=logea = a=¢ =e7 =737
B = log, b = b=d =01 2160

Thus the required curve of fitis y = 73.7 (1.169)*
Also when x = 8, y = 73.7(1.169)® = 257.03
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EXERCISES
Find the equation of the best fitting straight line for the following data [1t0 6]
I N N L

&)y e e e ® . 0. N7

Y7 | ws @2 w3 es | w5 179

Y e e e e e [ e

6. Yer(

o o192 193

Production {y)m ! ' o |
(in thousand tons) 8 o 12 10 : _6

Fit a parabola of second degree for the following data [7to10]

v s om0 36 40 [ 46

=
a1
—_
=
Y
3.
L
= 2]

oy L. 25 28 33 39 .46

11. Fit a curve of the form y = ab" for the data and hence estimate y when
x=8.

T T U T SR U R SR

| ' 275
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12,

13.

14.

15.

A A L R R S R

pad ek ek e
= ® N = B

Fit a curve of the form y = ax
298

X

y

——

x 0

2

|

4

b

2

4.26

e

6.1

68

Find the equation of the best fitting curve in the form y = a ¢** for the data

. 75

6

v _[502] 10 |3162]

Find a law of the form y = 2 + bx* for the data by first deriving the normal
equations. | - _ o
R S (T R T R - S
| v 8 f 10 | 15 | 21 30

Fihd a law of the. form V = a4( E;/A ) Er ;.he fdllowiﬁg data and hence f;rg Vv
when A = 12 (Hin_t:___Takﬁ:__l_/_f‘i =x )

v e s s s
ST S S
ANSWERS

y=—-32x + 182
y = 323x + 11.09%
y=05x+ 136

y = 0.52x + 3346

¥y =2x+ 82

y = 0.16 x - 302.56

y = 0083x% + 496 x + 13.46
y = 004627 — 084 x + 143.67
y =223x2% + 0.18x + 1.46

y = 0.64x° + 146x + 2.78

.y =3215(1.43)%, 562
.y = 298503

¥ = 63 + 0.009 x
V =424+ (1482/A) ; 43.635
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Optimization

Optimization is a technique of obtaining the best results under the prevailing /given
circumstances. Optimization means maximization or minimization.

Programming is a mathematical technique to determine the optimum use of the limited
available resources.

Linear programming is a decision making technique under the given constraints on the
condition that the relationship among the variables involved is linear. A general
relationship among the variables involved is called objective function. The variables
involved are called decision variables.

Solution by linear programming methods aims at optimization.

We first present the mathematical formulation of a Linear Programming Problem (LPP)
and proceed to discuss the solution of LPP by Graphical method and Simplex method

Mathematical formulation of a linear programming problem

A linear programming problem is mathematically formulated by first identifying a set
of variables Xy Xogp oo Xy which are subject to certain linear conditions known as

constraints written in the form of inequalifies.

< -
Ay XpHag Xy tay, X, < (2)h
- < >
fyy Xy + 8y, Xy oo kidy, X S (2) by
<< -
aml xl+am2 Jc2+ +amn W (_) bn

where the coefficients Ly b(lsi<m, 1<j<n)are constants and

> = >
X, _U,xz_O xn,_{}.

The set of inequalities can be put in the matrix formAX < B or AX > B where

r 7 Cx b
1 1

A1 %12 -t W
X b
31 89z -~ Hon ? :

A= X = B =
a . a ....4
| ml “m2 m | X, bm
The objective function involving the variables x,, x,, ... X, along with the given

constants ¢;, ¢, ... €, will be a linear function of the form

Z =cpx tiyXyte 0 X
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The optimization {maximization or minimization) of the objective function Z
subject to the constraints AX < B or AX 2 B is the mathematical formulation of a
LPP.

A set of real values X = ( Xps Xy X)) which satisfies the constraint AX < (=) B
is called solution. -

A set of real values x; which satisfies the constraints and also satisfy non negativity

constraints x; 2 0 is called feasible solution.

A set of real values x. which satisfies the constraints along with non

negativity restrictions and optimizes the objective function is called optimal solution.
In otherwords feasible solution optimizing the objective function is called
optimal solution.

Note :
1. An LPP can have many optimal solutions.

2. If the optimal value of the objective function is infinity then the LPP fs said to have
unbounded solution. Also an LPP may not possess any feasible solution.

Graphical method of solving an LPP

LPP involved with only two decision variables can be solved in this method.
The method is illustrated step wise when the problem is mathematically formulated.

< The constraints are considered in the form of equalities. Obviously these represent
straight lines since there are only two decision variables.

, : X . .
= The equations are put in the form " +g = 1 which graphically represents
2

straight line passing through the points (4, 0) and (0, b).

< These lines along with the co-ordinate axes forms the boundary of the region
known as the feasibie region and the figure so formed by the vertices is called the
convex polygon,

O

The value of the objective function Z is found at all these vertices.

< The optimum/extreme values of Z { maximum or minimum ) among these values
corresponding to the values of the decision variables is the required optimal
solution of the LPP.

WORKED PROBLEMS

16. Maximize z = x+15y given x 2 0, y 2 0 subject to the constraints :
X +2y < 160, 3x +%y < 240 by graphical method,

>> Let us consider the equations,
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x+2y = 160 : 3x+2y = 240
Xy .S,
- wte-1 W tgpripTl -2

Let (1) represent the straight line AB joining the points A (160, 0), B(0,80) and
(2) represent the straight line CD joining C(80,0), D (0,1 20).

We draw the lines AB and CD in the XOY plane.
1204 12

. RN - -A
0 40 g0 120 160

Shaded portion is the feasible region and O C E B is the convex polygon. The point E
is the point of intersection of the lines AB and CD. We can obtain this point by solving
simultaneously the system of equations :

x+2y = 160 and 3x+2y = 240 Onsolvingweobtain E{x,y) = (40, 60)

The value of the objective function at the corners of the convex polygon O C E B are
tabulated.

 Comer | Valueof Z=x+15y |
; . o0, 0 ) . 0 _I
(;_( 80,0 }_ - &0 _
_E(a0,80) Bo_
l B(0,80) | 120

Thus Z is maximum at E (x,y ) =(40, 60 ) & has the maximum value equal to 130.

Y

17. Minimize z = 5x+4y subject to the constraints: x+2y 210, x+y 2 8§,
2x+y = 12, x 2 0, y = 0 by graphical method.

>> Let us consider the equations :

x+2y =10 ; x+y =8 ; 2x+y =12
x ¥ XL Y LY
= 10+5—1 ...(1),8+8—1 ..,(2),6+12-1 . (3)
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Let (1), (2), (3) respectively represent the straight lines AB, CD, EF where we have,
A=(10,0), B={(0,5); C=(80), D=(0,8); E=(60), F=(0,12)
We draw these lines in the XOY plane.

(R ES T s

- . 'I”,/’//.,-"/'//,’/ /?/

"*f-t;/i’//{// 7z //,
,, /

e P .-I-/’//

P

5
of 2 4 6E 8C oX
Shaded portion is the feasible region. G is the point of intersection of the lines AB &
CD and H is the point of intersection of the lines CD & EF.
By solving x+2y = 10 and x+y = 8 weget G = (6,2).
Alsobysolving x+y =8, 2x+y = 12 weget H = (4,4).

Here the feasible region is unbounded and we tabulate the value of the objective
function Correspondmg to the points A, G, H, F.

Corner : Value of !
e i Lo=Dxtdy
- A(I10,0) -
_ Glezy 3 '

LHL4 36

I(0,12) 48

Thus Z is minimum for x = 4 y = 4 and the minimum value is 36.

18. Use the graphical method to maximize z = 3x+4y subject to the constraints,
2x+y <40, 2x+5y <180, x 20, y 2 0.

>> Let us consider the equations :

2x+y = 40 ; 2x+ 5y = 180
X Y _ S ¥ _
= 2{J+4[} 1 (1} ; 90+3 =1 (2)
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Let (1) and (2) represent the straight lines AB and CD respectively where we have
A=1(20,0), B=(0,40) ; C=(90,0), D=(0,36)

We draw these lines in XOY plane.

0 20 40 60

30 90100 X

Shaded portion is the feasible region and O A E D is the convex polygon. The point £
being the point of intersection of lines AB and CD is obtained by solving the equations :

2x+y = 40, 2x+5y = 180. £(x,y) = (2.5,35)

The value of the objective function at the corners of the convex polygon OAED are

tabulated.
| Comer | Valeof Z=3viy
ooy 0
. i A(ZU,O)________ B 60
 rasm)
l D(0,36) 144

147.5

Thus Z is maximum at the vertex (2.5:35) & has the maximum value equal to 147.5

19. Use the graphical method to minimize z = 20 x; + 10 x, subject to the constraints,

X +2x2 < 40, 3x1+x2 > 30, —'ch.l +3x, 2 60, Xy 2 0, x, 2 0.

>> Let us consider the equations

x1+2x2 = 40 ; 3.?C]+X2 = 30

X X X X

1 2 1 2
B 4'(")+20—1 {]),_10+L0—~1

o o4x, +3x, = 60

1‘1

L (2) '15'+

X

2

2
0

=1

.. {3)
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Let (1}, (2), (3} represent the straight lines AB, CD, EF respectively where we have
A=(40,0), B=(0,20); C=(10,0), D=(0,30); E = (150), F = (0,20)
We draw these lines in the XOY plane.

AY
401

~.A

0 101520 30 40 X

Shaded portion is the feasible region and E A H G is the associated convex polygon.
G is the point of intersection of the lines CD and EF. H is the point of intersection of
the lines AB and CD.

On solving 3x,+x, =30 & 41’14-3)(2 = 60 we get G(xi,xz) =(6,12)
On solving 3x,+x, =30 & X, +2x, = 40 we get H(x,xy) =(4,18)

The value of the objective function at the corners of the convex polygon EAHG are
tabulated.

Co.r.ner V’e-;i;(;f_ Z = 20,\‘1 I+ TDX;_
E{15,0) | 300 o 7
Aoy Lm0

i Ha18 o w0
Gy o we

Thus Z is minimum at the vertex (6,12) and the minimum value is 240,

20. Minimize Z = 30x+ 20y subject to the constraints, x-y <1, x+y=>23,y<4
andx > 0, y = 0 by graphical method.

>> Let us consider the equations

x—y=1 ; x+y =3 ;o y=4
Xy _ . A . _
= 1+_1—] Sy 3+3*l 2y y=4
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Let (1) and (2) represent the straight lines AB and CD where we have,

A=(1,0), B=(0,-1); C=(3,0), D=(0,3)
y = 4 is a straight line parallel to the X-axis.

We draw these lines.
AY

NV

Shaded portion is the feasible region and EDFC is the associated convex polygon.
E is the point of intersection of AB and CD. Onsolvingx-y = landx+y = 3
weget E(x, y)=(2,1) AlsoF(x,y)=(0, 4)

G is obtained by solving ¥y =4 and x-y = 1. ThatisG(x, y) = (5, 4)

The value of the objective function Z at the corners of the convex polygon are tabulated.

Comer o _\_{a_lue of Z_?_ 30x + 2(_]3;‘

E(2,1) [ 80 |
D@3y | e
| F(0,4) s

‘ | G(5,4) 230

Thus Z is minimum at the vertex (0, 3} and the minimum value is 60.

21. Use graphical method to solue the following LPP. Minimize Z = 8x + 5y subject to
bx+y 221, x+3y 212, x+y <10 &x 20,y 2 0.

>> Let us consider the equations

6x+y = 21 ;ox+3y =12 ; x+y =10
L. A XY XY
= 3_5+2] 1 ... ; 12+4 1 (2 10+10 1 ...{3)
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Let (1) {2) and (3) respectively represent the straight lines AB, CD and EF where
we have,

A=(35,0), B=(0,21);C=(12,0),D=(0,4); E=(10,0), F = (0, 10)
We draw these lines in the XOY plane.

Shaded portion is the feasible region and G, H, I are the vertices of the convex polygon
which is a triangle.

Onsolving: x+3y =12 and x+y =10 weget G{x, y) =(9,1)
6x+y = 21 and x+3y = 12 weget H(x, y) =1(3,3)
x+y =10 and 6x+y = 21 weget f(x, y) = (22, 78)

The value of the objective function at these points are tabulated.

. Comer Valueof Z = 8x+ 5y
_HG 3
1(22,78) ﬁ 56.6.

Thus the minimum value of Z is 39 ai the vertex (3, 3).

22. Show that the following LPF does not have any feasible solution.

Objective function for maximization : Z = 20x + 30y.
Constraints :3x +4y < 24, 7x+9y 2 63, x 2 0, y 2 0 {(use graphical method )
>>  Let us consider the equations

3x+4y = 24 : 7x+9y = 63
XL ¥ _ . xLr
= 8+6_] (D ; 9+? 1 (2}
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Let (1) and (2) respectively represent the straight lines AB and CD  where we have
A=(8,0), B=(0,6); C=(9,0), D=(0,7)

The straight lines are drawn in the XOY plane.
4Y

32
D74
BOR l
N N\\

N
a4 ) F {
2e I‘\ I
> mmm C= F
0 il 4 6 A8 9 10 X

It is evident that there is no feasible region.

Thus we conclude that the LPP does not have any feasible solution.

23. Show that the following LPP has unbounded optimal solution. Objective function to be
maximized : Z = 8x + 5y Constraints :x =2y < 12, x+2y 220, x 2 0, yz0.

>> Let us consider the equations.

x—2y =12 ; x+2y = 20
Ao M , SN A
= 12+-6_1 R ) 20+IU_1 .. (2)

Let (1) and (2) respectively represent the straight lines AB and CD where we have,
A=(12,0), B=(0,-6) ; C=(20,0), D=(0, 10)

Let us draw these straight lines.
AY

=Y

10

Shaded portion is the feasible region and it is evident that this region is unbounded.
Thus we conclude that the LPP has unbounded optimal solution.
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24. Solve the following LPP graphically.
Maximize Z. = 3 x, +5 x, subject to x, + 2x, < 2000, x; +x, < 1500, x, < 600,
X[, Xy =0

>> Let us consider the equations

x1+2x2 = 2000 ;X tx, = 1500 ;oXy = 600
I U S M =y 2 o1 @ o - 60
2000 1000 W 1500 Torse0 T\ 2 T

Let (1) and (2) respectively represent the lines AB and CD where we have,
A =(2000,0), B=(0,1000) ; C =(1500,0), D = (0,1500)

Xy = 600 is a line parallel to the X axis.

Let us draw these straight lines.

ﬂXz
20004
15004
10004
600 - Xy =600
5004 HE
UG >SS, >
Of 500 1000 1500 2000 2500 X4
On solving
Jc1+2x2 = 2000, x, +x, = 1500 weget E = (1000, 500)
x +x, =1500, x, = 600 weget F = (900, 600)
X +2x, = 2000, x, = 600 weget G = (800, 600)

Alsowehave C = (1500,0), H = (0,600)
The value of the objective function at these vertices are tabulated. OCEFGH is the
convex polygon.
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(800, 600)

Valueof Z = 33(1 + 53(2 l

4500

Corner
a9, _0 ) ~ 0
C (1500, M X
i E (1000, 500) 5500
_F_ ( 900, 600 ) 5700

5400

Thus (Z),, = 5700 when x, = 900, x, = 600

25. Maximize z = 50 x1+60 X, subject to the constraints :

( use graplucal method )

>> Let us consider the equations

2, +3x, = 1500

= g5yt g = !

A= (750, 0), B=1(0,500) ;

Let us draw these straight lines.

2x, +3x, < 1500 ,
3x,+2x, <1500, 0 < x, <400, 0<x, <400, x, 20, x, 20

; 3y +2x, = 1500, x, = 400, x, = 400

Xq

33

LY o A

500 T 750
Let (1) and (2) respectively represent the straight lines AB and CD where we have,

C =(500, 0), D =(0, 750)

AXo
800
75080
600%
50040
400 e X, =400
~—> x, = 400
2009 P
_ ..\C . A,
O 200 400 500 60C 750 1000
On solving 3x, +2x, = 1500 and x; = 400
2x, +3x, = 1500
23{,l +3x2 = 1500 and Xy = 400

2

weget F = (400, 150)

and 3x1 +2x2 = 1500 weget G = (300, 300)

weget H = (150, 400)
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Also = (400, 0y ; [ = (0, 400)

The value of the objective function at these vertices are tabulated. OEFGHI is the
convex polygon.

Comer ! Valueof Z = 50xl + 60){2 :
e P - -z i
00,0 e o
o E(%00,0) 2000

F (400, 150) i 29,000
R Rt e i —
___G(300,300) . 33,000 ‘

H (150, 400 ) 31,500

o400 24,000

(£ )pgay = 33,000 at x, = 300 and x, = 300

26. Two spare parts X and Y are to be produced in a batch. Each one has to go through two
processes A and B. The time required in hours per unit and the total time available are

given.
____T X Y Total hours available
ProcessA 3 4 | 48
ProcessB . 9 4 72 5

Profits per unit of X and Y are rupees 5 and 6 respectively. Find how many number of spare
parts of X and Y are to be produced in this batch to maximize the profit. (Use graphical method)

>> The mathematical formulation of the LPP is to maximize Z = 5X + 6Y subject to
the constraints 3X +4Y < 48, 9X+4Y < 72,

Let us consider the equations

3X+4Y =48 ; 9X +4Y = 72
X Y XL Y
= 612 = : FIET

Let AMand CD represent the straight lines where we have
A=(16,0), B=(0,12) ; C=(8,0), D=(0,18)

The straight lines are drawn in the XOY plane.
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i A . .
0 4 8 12 16 20 X

On solving 3X +4Y = 48 and 9X + 4Y = 7ZwegetE (X, Y) = (4, 9). The value of
the objective function at the vertices of the convex polygon OCEB are tabulated.

_ Comer | Valueof Z - 5X+ey
0w.0) | o
B R T
B4 o
B0y 72 |

(Z)ye =74 at (X, Y)=(4,9)

Thus we can say that 4 Nos. of X and 9 Nos. of Y spare parts are to be produced to
get the maximum profit of Rs.74

27. A chemist wishes to provide for his customers, at the least cost the minimum daily
requirements of three vitamins 1, 2 and 3 by using a mixture of two products M and N.

The amount of each vitamin in one gram of each produict, the cost per gram of each product

and the minimum daily requirements are given below.

| Number of units of each vitamin contained in a gram . Cost per gram |
|

L . . _ofeachproduct e ' Ofeach |
— | _vieminl - Vitamin2 | Viteming | product
" Product m L6 b 20 4 20 Paise

L ProdutN 2 2 2 | 16Pase |
| Minimum ' ' |
. requirement of | 12 8 ! 24 I |

|

e vrdm — _ e
Find the least expensive combination which provides the minimum requirements of these
vitamins (use the graphical method).
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>> We shall first mathematically formulate the problem :

Let x = Number of grams of product M in the mixture.
y = Number of grams of product N in the mixture.
From the data the constraints of the L.P.P are
6x+2y > 12, 2x+2y 2 8, 4x+12y 2 24,
The problem is to minimize the objective function Z = 20x + 16y.
Let us consider the equations,

6x+2y = 12, 2x+2y = 8, 4x+12y = 24

. S N T R T ¢

Yy _
>t % it +2-1 (3

=20 R

Let (1), (2), (3) represent the straight lines AB, CD, EF respectively where we have
A=(20), B=(0,6), C=(40); D=(04), E=(60), F=(02)

We now draw these lines in XOY plane.

Shaded portion is the feasible region which is unbounded. The point G is the point of
intersection of the lines CD and EF. The point H is the intersection of the lines CDand
AB.

The pointG (x, y¥) = (3, 1)isobtained by solving 2x + 2y = 8and4x+12y = 24..
The point H (x, ¥) = (1, 3)is obtained by solving 2x +2y = 8and 6x+2y = 12..

The value of the objective function at the corners E, G, H, Bare tabulated.
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E Points Valueof 7 = 20v + 16y

o Eenom

o o 3

[
B0.6) % |

Minimum cost is 68 paise. Thus the least expensive combination is 1 part of the
product M and 3 parts of the product N at the minimum cost of 68 paise.

28. In the production of two typc of watches a factory vses three machines A, B, C. The time
required for each watch on cach machine and e maxipm time available on each machine
is given below.

Time required ' Maxinnnn
Machine T R, . time available (In
¢ ! Watch I i Watch If ' frours)
A i 6 | 8 | 380 |
| B ! 8 | 4 300 |
C | 12 " | 404 |

The profit on watch Tis Rs.50 and on watch I is Rs.30. Find what combination should be
produced for the maximum profit. What is the maximum profit (use graphical method).
>> We shall first mathematically formulate the problem.

Let x = number of type I watches to be produced and ¥ = number of type I/l watches
to be produced.

The objective function Z = 50x + 30y, subject to the following constraints has to be
maximized.

6x + 8y < 380, Bx+4y < 300, 12x+4y < 404

Let us consider the equations

6x + 8y = 380 ; 8x+4y = 300 ; 2x+4y = 404
R . S - Yo ¥ . A
T o3t st W e =l @ r =1 L 0)

Let (1), (2}, (3) represent the straight lines AB, CD, EF respectively where we have
A=1(6330) C=(3750) E=(337,0)
B =(0,475) D=(0,75) F =1{(0,101)
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We draw these lines in the XOY plane.
Y

10 20 308C40 50 e0A 70 X

Shaded portion is the feasible region and the associated convex polygon is O EG H B.
G is the point of intersection of the lines CD and EF & H is that of the intersection of
the lines AB and CD. !

G(x, y) = (26, 23)is obtained by solving 8x +4y = 300 and 12x+4y = 404
H(x,y) = (22, 31)is obtained by solving  8x+4y = 300 and 6x+8y = 380

The value of the objective function at the corners of the convex polygon OEGHBE are
tabulated.

Corner Valueof Z = 50x + 30y
owo Y
E(370) 1

______ G_{ZE:, 23) . ]990”“ ]
- H(230 200 - |
BOwS) s

Z is maximum at the vertex H (22,31 ) and the maximum value of Z is 2030.
It can be seen from the figure that H is the farthest point from the origin.

Thus the factory has to produce 22 watches of type I and 31 watches of type II to
obtain the maximum profit of Rs.2030.
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29. A company produces two hypes of food stuffs F | and F, which contains three vitamins
Vi Vo, Vo respectively. Minimum daily requirement of these vitamins are Img, 50mg and
10mg respectively. Suppose that the food stuff F, contains 1mg of V|, 100mg of V, and
10mg of V, whereas F, contains 1mg of Vy, 10mgof V, and 100mg of V.. If the cost of
food stuff F, is Rs.2 and that of F, is Rs.3, find the minimum cost diet that would supply
the body the minimum requirement of each vitamin by applying graphical method,

>> Letx and y be the units of food stuff F, and F,.

The objective function Z is the total cost of a diet containing x units of F , and y units
of F,. Hence Z = 2x+3y.

Each food stuff contains Vl, VZ, V3 and their associated inequalities form the
constraints given by

x+y 21, 100x+10y = 50, 10x+ 100y > 10 where x 2 0 y > 0.
The L.P.P is to minimize Z, subject to the constraints formulated.

Let us consider the equations.

x+y =1 ; 100x + 10y = 50 ; 10x+100y = 10

L A X LY XY
= 1+1_1 Y 0_5+5_1 (2 1+0_1-1 (3
Let (1), (2), (3) represent the straight lines AB, CD, EF respectively where we have

A=(1,0), B=(0,1), C=(050), D=(0,5) ; E=(1,0), F=(001)
We draw these lines in the XOY plane.

Shaded portion is the feasible region which is unbounded. H is the point of intersection
of the line AB and CD. H(x, y) = (4/9, 5/9) obtained by solving x+y = 1,
100x + 10y = 50.
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Thevalueof Z = 2x+3y at x = 4/9, v = 5/9 is 23/9.It canbe easily seen that the
valueof Zat A(1,0) is2and the valueof Zat D(0,5) is15.

Zisminimumat A (1, () and the minimum value is 2.
Thus one unit of food stuff F, and no unitof F, istheleast expensive

combination and the cost is Rs.2.

30. A factory uses 3 types of machines to produce tieo fypes of electronic gadgets. The first
gadget requires in hours 12, 4 and 2 respectively on the three types of machines. The second
gadget requires in hours 6, 10 and 3 on the machines respectively. The total available time in
hours respectively on the machines are 6000, 4000, 1800). If the fwo types of gadgets respectively
fetches a profit of rupees 400 and 1000 find the mumber of gadgets of each type to be produced
for getting Hie maxintum profit,

>> Let x be the number of gadget of type-1 and y be the number of gadget of type-2.
By data the constraints are as follows.
12x + 6y < 6000, 4x+10y < 4000, 2x+3y < 1800
The objective function need to be maximized is Z = 400x + 1000y
Let us consider the equations.

12x+6y = 6000 ; 4x+10y = 4000; 2v+3y = 1800 ; » =20, y =20

X ¥ . S S S S
= s0071000 =1 7 1000t 200 = Y 900t eon !

Let AB, CD, EF respectively represent these three lines where we have,
A=(500,0) C=(1000,0) E=/{(90,0}
B=(0,1000) D=1(0,400) F=1(0,600)

|

200 400 500 600 800 E 1000
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The lines are drawn in the XOY plane.
Let G (x, y) be the point of intersection of the lines AB and CD.
Onsolving 12x+ 6y = 6000 and 4x+ 10y = 4000 weget G (x, y) = (375, 250).

The value of the objective function at the corners of the convex polygen OAGD are
tabulated.

; Corner Value of Z = 400x + 1000y

_ A (500, 0) . 200000 |
G(375,250) . 400000
D (0, 400) : 4,00,000

It can be seen that the L.P.I” has two optimal solutions.

Thus we conclude that the factory has to produce 375 gadgets of type-1 and 250
gadgets of type-2 or 400 gadgets of type-2 only to get the maximum profit.

Preamble for the Simplex Method

Simplex method is an effecient algebraic method to solve a LP.P by systematic
procedure and hence an algorithm can be evolved called the simplex algorithm.

In this method it is necessary that all the constraints in the inequality form is converted
into equality form thus arriving at a system of algebraic equations and we are familiar
with the vairous types of solution of a system of algebraic equations.

[ Refer Unit-Vil in Volume-1 book |

If the constraint is involved with € we add a non zero variable 5 (say)2 Otothe LHS
to make it an equality and the same variable is called slack variable.

[Ex:7+4 < 12 ; 7"+4+5.I =12, 5 being 1]

If the constraint is involved with > we subtract a non zero variable $5 (say}2 0 in the
L.H.5 to make it an equality and the same variable is called surplus variable.

[Ex:7+4 > 8; 7+4*52 = 8, s, being 3]

L.P.P with all constraints being equalities is calied a standard form of L.P.P

Given a L.P.P to maximize 7 == gx+ by subject to the constraints a x+by <k,
dyX+byy Sk, , x=20, y 20, the standard form of L.P.P is to maximize
Z = ax +by subject to:

ayx+biy+s, =k, a,x+byy+s, =k, ; x,y, 81,5, 20
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We have a system of two equations in four unknowns for obtaining a solution. We know
that a system of equations is consistent if it possesses a solution . Suppose we have
system of m independent equations in 11 unknowns then we have the following cases.

(i) If m = n, the system has unique solution.
(ii) If m < n, the system has many solutions.
(iii) If m > n, the system has no solution.

We focus our attention on case - (ii).

In a system of m equations in n unknowns where n > m, if ( n — m ) variables are set to
zero then we will have a system of m equations in the remaining m variables. A solution
obtained by this way is called basic selution. The number of basic solutions will be

"C e Lhe m variables remaining in the system are called basic variables or basis and

( 1 —m ) variables set to zero are called nowm basic variables.

Basic feasible solution
If the basic solution satisfies non negativity conditions also then the solution is called
basic feasible solution,

Simplex method provides basic feasible solution of a L.P.P in a systematic manner.

Remark : In a solution if all the basic variables are non zero the solution is said to be non
degenerate. If onte or more basic variables are zero the solution is said to be degenerate.

INustrations

(1) Let us consider an L.P.P to maximize
P =2x+3y+z subjectto 2x+y+4z = 11 and 3x+y+5z = 14
>> Here we have a system of 2 equations in 3 unknowns. Thatism = 2and n = 3.

n—-m = 3-2 = 1. We shall set one variable to zero and solve the system of equations
to obtain the basic solutions.

__ |Variable set| Resulting equations  Basic solution Valueof P = 2x+ 3y + zi
Case . . - !
to zero and solution (x,y,z) and remarks ‘
y+dz = 11 ;
(i) x=0 y+5z = 14 {0, -1, 3) Nota feasible solution i
] |y =130 L _
L x4z = 11 . . |

| le solut
@) | y=0 | 3r+5z=14 ] (172, 0, 5/2) Feas;,bis;’/; on
l(x, 2) = (172, 5/2) | |
. U e e e e I o m— - |
ey =1 ] | :
(iii) z=0 3x+y =14 (3,5, 0) Feasible solution P = 21|
(x,y)=0(3.5 |

(x,y,z)=1(3,5,0) is the optimal basic solution since (P),, = 21



OPTIMIZATION - SIMPLEX METHOD 235

{2) Let us consider a typical L.P.P which we have solved by graphical method.
(Problem-16) That is maximization of Z = x+ 1.5y subject to the constraints
x¥+2y =160, 3x+2y < 240, x, y 2 0. We solve this problem like the earlier one by
introducing slack variables s,, s, for converting the inequality constraints to equality.

Equivalently we have the following system of equations.

x+2y+s, =160

x+2y+s, =240 ; x, y, s =0

)

This is a system of two equations in four unknowns (m = 2, n = 4). We shall set
n—m = 4-2 = 2 variables to zero. There are " Cm -4 C2 = 6 ways to choose two

variables. The entire process of obtaining the basic solutions and optimal solution is
presented in the following table.

. Value of

| i 1 i Basic 50] tion
‘ Cas Variables set to |Resulting eql.'latlons and 1 u . Z = x+15y
zero solution c(x,y, )
i and Remark |
p—————— L . . __ ]
!(i);lx=0,y=0 51=160;b2—240|y(00160240) 0
. — - - . _|. e e e . - .
_ 2y = 160, .
(i) [x=0,5=0 2y +s, = 240 ? (0,80,0,80) | 120
j (¥, 5,) = (80, 80)
, 2y +s, = 160, ~ Not a feasible
| Gii) x=0,5,=0 2y = 240 1(0,120,-80,0) ;  solution
o (y,5)) = (120,-80) (5,<0)
x = 160, i Not a feasible -
(i) |y =0,8=0 3x+s5, = 240 (160, 0, 0—240) solution
i (x,5,) = (160 ~240)1 (5,<0)
L. . .....{___.___.._._______..__ [ - e
i | x+s, = 160, |
vy y=0,5,=0 31_240 - (80,0,80,0) 80

x+2y—160 | | |
| 3x+2y = 240
| _(xy) =040, 60)

|
i (x,s —(80 80)
|

(40,60,0,0) i 130

(Z)pg0 = 130 at (x, y) = (40, 60)
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Remark :
1. We have obtained this result by graphical method.
2. This becomes a tedious procedutre when the mumber of variables and constraints are more.

We proceed to present the simplex method algorithm for solving the LPP which
involves sequential steps to achieve the desired result.

Simplex method algorithm

Let us consider the L.P.P with objective function Z = ax + by for maximization subject
to the constraintsa, x+ b,y <k, a,x+b,y <k, ; x, y20

Step 1 : We convert the linear inequalities into equations by introducing slack
variables S1s 59 and the same are written in a systematic manner as follows.

apx+b y+1s +0s, =k oo (1)

a x+b2y+0.5.1+1.52=k,, . A2)

“

2
Step 2: These equations are put in a tabular form and is called the initial simplex
tableau.

Non zero ; - :
variables | x Y ; $y _ S5 Quantity |
(NZV) | 1 i ?

e e __!___ - - - . 1. e —
B S EO O S S N
T . T
ndicators (A)) -« -b 0 {00

The first two rows in the table contains the various co- efficients in equations (1), {2).
The last row contains the coefficients of the variables in the objective function with their
sign reversed and are called indicators. This is done only to obtain the positive value
of Z. Furtherwhenx =0, y =0, 5, =0, s, =0 then z = 0.

Step 3 : (i) We identify the least negative indicator ( Numerically large ) and the
column in which it is present is called the pivotal colimmn.

(ii) Suppose - a is the least indicator, first column is the pivotal column. We examine
the ratios k,/a, and k,/u, and identify the least positive ratio. [Neglect if there are any

negative ratios]
(iii) Suppose k,/a, is least. Then the first row is called the pivotal row and a, is called
the pivot. Further the variable s, is replaced by the variable at the top of the pivotal

column (x). [s, is the departing variable, x is the entering variable |
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Step 4: We make the pivot unity by dividing the elements in the pivotal row by the
pivot.

The table is now called the first simplex tableau.

Nzv o T | y f 5) 5 " Qty
] : L

X 1 | bl/'ei. 1/a. 0 k. /i

_ ] - I R 1

S5 ' az : 51'2 0 1 kz

A | __5;_'______ [ 0 0 0

Step 5: We reduce the other entries in the pivotal column to zero by elementary
transformations.

Rz - - a2R1+R2, R3 — ezR.l+R3
These transformations will give rise to the second simplex tableau.

NZV X . i _ S Sn
x 1 b,/a, _l_ 1_/?'1 _ 0
5y 0 by —aya, 1
S S DN U S ¢’ L

We examine the indicators (A ) and if there are no negative indicators, the process is
completed. We say that Z is maximumatx = k,/a;, ¥ = 0 and the maximum value of

Zis d " provided &7 and ¢’ are positive. If we find negative indicators in the second
simplex tableau the process will be continued.

Minimization
A minimizing L.P.P is converted into an equivalent maximization problem.

Minimizing the given objective function P is equivalent to maximizing ~ P under the
same constraints and Min. P = — (Max value of - D)

WORKED PROBLEMS

31. Use simplex method to maximize 2 = x + 1.5y subject to the constraints x + 2y < 160,
3x+2y =240, x 20,y 2 0

>> Remarks:

1. We have solved this problemt by graplical method and also the solution is obtained while
giving preamble for the simplex method as an iltustration.

2. Now, we solve this problem using the simplex method algorithm in a detailed way as per
the steps involved in the method for getting an insight to the method practically.
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Solution of the subsequent problems are presented in a single table.

Solution of the problem

Step 1: Let usintroduce slack variables s, and s, to the inequalities to write them in

1
the following form .

x+2y+1s +0s, =160
3x+2y+0s +1s, = 240

x+ 1.5y + 05, +0s, = Z is the objective function.

Step 2: We form the initial simplex tableau.

e _ |
NZV _ x. sl 5+ | Qty i
3 1 1 0 160 '

5 > 0 1 240

|Indicators (A)| -1 | 0 0 0 |

Step 3: Weobservethat- 1.5is the least negative indicator and hence second column
is the pivotal column. We examine the ratios of the quantities in the last column to that
of the entries in the pivotal column.

160/2 = 80, 240/2 = 120

The first one is the least, 2 is the pivot, first row is the pivotal row. NZV s, (departing
variable) is replaced by y . {entering variable)

Step 4: We make the pivot 2 in the first row unity by multiplying first row by 1/2.
The first simplex tableau is written.

!_NZV__ o T ( Qty
y 172 v 0 8

: 5, 3 0 1 240

LA -1 o0 0

Perform R2 - ~2R1+R2, R3 - 1.5R1+R3
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NZV ST S S T T | Qly
| y L 1n \ 1 12 o | 8
5, 2 | 0 -1 1 * 80
A 025 o 1 o | 0 120

We observe that one of the indicator is negative and hence the process will continue.
Now the first column is the povital column. We find the ratios.

80 / (1/72) = 160, 80 /2 = 40
The second one is least. 2 is the pivot and NZV's, is replaced by x. We make the pivot
2 in the second row unity by multiplying the second row by 1/2.

The second simplex tableau is formed.

.[ y 5 . ) Qty

| " vz’ R

o | | ap | w

l . 0 ' 0.75 0 120

Perform R . R, +R R, —;_6_25'}'& +R T
B T 2 T -

T L S € 2 0 I

Cox L0 w212 | 4
A 0 0 0.625 | 0.125 130

Smce there are no negahve mdlcators the entires in the last column will give us the
optimal solution.

Thus  (Z),,.. =130atx = 40 and y = 60.

32. Maximize P = 2x+3y+z subject to the constraints, x+3y+2z <11,
X+2y+52 <19, 3x+y+4z2 <25, x,y, 220

>> Let us introduce slack variables $» 55, 54 to the inequalities to write them in the
following form.

X+3y+2z+1s;+0s5,+ 05, = 11

X+2y+5z+0s +1s5,+05, = 19

3x+y+4z+05 +05,+ Lsy; = 25

2x+3y+2+0.5, + 05, + 0.5, = P is the objective function.
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Solution by simplex method is presented in the following table

NZV " x vy |z s s, sy Oty Ratio |
s 13 o 1 -0 0 1 11732333 | 333isleast, 3is
S _e,_..___-'i L . : . - i pivot, s, is replaced
; : : 19.2=95 |
SN 30104 0 0 - 1125 251=25
Indicators —2 | =31 -1 0 0 * 0 0 | |
4 -
y 13| 1023 13 0 0 e i
s, 1215 0 1o 19l R, > -2R +R,
S 3|14 0 01 25 Ry = R +Ry '
| PR P B : .| . 4 e e e e e 2
L A -2{-3|-1 0 0 0 o0 R, — 3R +R, ]
. | e B ' : . : Lo e - .
vy 130123 13 00 0 q1s3 1173+1/3=11 ] 8isleast
:l P - - . . . ) ] . e e e 8/3 iS pi\-’()t
: /3 353 35/3+1/3= :
"2 1730 0 1173 -2.3 1 0 3573 3 l 31 is replaced by x
L8y 8/3. 0°,10/3-13 0 1 6473 64 3+R83=8 | Also3/8-R,
[ A B P T S Y !
Fosm e e | . B St mm egmeremiae s - . e e . W
.y 131 23173 0 0 1143 R, - -1/3-Ry+R|
s, W30 13-23 1 0 33 Ry = = 1/3:-Ry+ R,y
oy 110 108-18 0 38 8 o :
I S B T O L S AL
v Lo A s 0 s 1 o i
S, 07 0 "13/4-5% 1 ~1/8 9 '
x 110 10%-18 0 38, 8 S I
A 6| 0 9 78 U 3819 , No negative
o . o - indicators :
Thus (P, =Batx=8,y=1,z=0

33. Use the simplex method to maximize Z = 3x+4y subject to the constraints
2x+y <40, 2x+5y <180, v 20, ¥y 2 0.

>> Let us introduce slack variables s, and s, to the inequalities to write them in the

following form.
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2x+y+1s, +0.s, = 40
2y + 5y + 0.5, +1s, = 180
3x+4y+0s, +0s, = Z is the objective function.

Solution by the simplex method is presented in the following table.

' NZV _. x g 5% Oty Ratio
- - ! - - - . - - B | . . ———— -
S ; 2 R 1 . 0 40 40/1 = 40 ] 36 is least,
. - o . e o=, ... ._.__, 5isthe pivot. i
! L : ; | 5, 15replaced by . |
T A A 1 180 180/5=36 | Aleo 1/5. R, |
lndlcatorbl -3 =& | 0 0o - 0 |
R | , . j —
s 12 1 1 0 40 | R - R +R
y 25 (1 L 0 s 3 | .
PR ' s = T == . f . B I . wL==mamr i R TR ST ==
[ A oy leeuge 0 [0 S B | R — 4R +R
S 2 B T B U R '4-8/5= 25 | 251s least, 8/5 is
. SN : . - —_ J pivot, s. is replaced
y 2/5 1 ' ! 0 1/5 36 36+2z’5=90: by x. Also 5/8 - R,
o ] LS8 —1/8 . B2
. L R _ . e o ;_ — — N
y | ) 1/5 26 'R—"} 2/5R+R
[ A S0 4/5 144 R —97/"3 R +R a
¥ s8-8 s | |
B, Lol 35 ' |
A ' 74 ' 5/8 1475 : No negative
' J indicators i

Thus(Z)Mm_ = 1475atx = 25and y =

34. Use simplex method to maximize 2z = 2x + 4y subject to the constraints 3x + y <
o+3y 24, x20,y20

>> Let us introduce slack variables 5, and s, to the inequalities to write them in the

following form.
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3x+y+1 -51+()-52 = 22
x+3y+0-5,+1-5, = 24

2x+4y+0-s,+0-5, = z is the objective function.

Solution by the simplex method is presented in the following table.

NZV Oty Ratio |
_ R

s 22 i 2,1=7 | 8isleast, 3ispivot.
L . 1' - w1 8, isTeplaced by y.

S, 24| 24/3=8 | Also 1/3-R,
Indicators _ i 0 |
| _(4) . I S —

5, 22 Ry = -R,+R,
Y 8

A 0 R,—> 4R, +R,

ho 73 B T N

y 8 "

A 32 No negative

o indicators

35. Maximize P = 6x; +2x,+3x, subject to the consiraints 6x,+5x,+3x

4x1 +2x2+5x3 <7 x, =20, Xy 2 Q, Xy 2 0 by applying simplex method.

1

»> Let us introduce slack variables 5 and s, to the inequalities to write them in the
following form.

26

7

6Jc1 + 5x2 + 3x3 + 1.51 + 0._42

411 + 21"2 + 5x3 + 0.51 + 1.52

P is the objective function.

6x] + :bc:1 + 31-3 + 0'51 + 0.52

Solution by the simplex method is presented in the following table.
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NZV X, Xy 51 Sy Qty Ratio
. Y 1.751s least, 4 is
" ° ? ] ’ % 26/6=43 ivot. x, replaces
_ — it T | pivot. x, rep
54 2 5 0 1 7 7/4=1.75 s,. Also1/4-R,
Indicators |- -2 -3 . 0 0 0
- ( A ) [ — N R . D e — e . .
5, 5 3 0 i 26 R, — -6R, +R,
X 172 1 5/ 1/4 i 7/4
I e i b e e—— e
A _7 _ 0 ‘\ { ' R3 — 6R2 + R3
s, b 2 -9 ~3/2 ¢ 3172
X, 172 | 574 0 174 7/4
A ok 1 9,7 0 . 3,2 21/2 No negative
i ; ! _ indicators

36. Use the simplex method to maximize VP = 4x, —2x,—x, subject to the constraints

< : < —
+x,+X 3, 211+2x2+x3_4, X3 x20, X, Xy, Xg > 0O

.’Cl ) 5 =

>> Let us introduce slack variables §,s S, 54 tO the inequalities to write them in the

form

X, +Xx +x3+1.51+0.52+[}.s3 =3

1 2
27{1 +2x2+x3+0.5] + 1.52+0.s3 =4

X —352+[].Jt'3+{}.51+0.s¢2+1.s3 =0

1

4x =20y = %3+ 0.5, + 05, + 0.5, = P is the objective function.

Solution by the simplex method is presented in the following table.
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51 | Sy 8, Qty [ Ratio
1 0 , U . . . I 3/1:%__0 S
o o I I pivot.
o . 1 ' 0 4 0 4/2=2 x, replaces s,
0 0 1 0 0/1=0
P i o —
0 0 o 0! I ]
1 0 0 3 =R1_’_R3+R1
0O 1 0 4  Ry— 2R3 +R,;
{ . 1 i —_— —————— -
0 0 1 0
1 P I -1 3 3/2=15 1 .iS le{ast |
- - . ceeme el 4 s pivot
0 1 -2 i 4/4=1 | x,replacess,
I T .
1T ¢+ 0 . -1 3 iR1—>—2R2+R1!
0 14 loi2 |
0 0, 1 ( i Ry= Ry +Ry |
o0 le o R 2R, |
I o-12 0 o1
. . e e
0 /4 112 1 i
U VER VR
i ) 1,2 . 3 2 i No negative 1
[ N ___ | indicators

37. Use simplex method to minimize P = X =3y + 2z subject to the constraints
3x-y+22 <7, -2x+4y <12, —dx+3y+82 210, x,y,z 2

>> The given L.P.P is equivalent to maximizing the objective function - P subject to
the same constraints.

Thatis - P = P’ = — x+ 3y~ 2z is to be maximized.

Let us introduce slack variables 81, Sy, 54 to the inequalities to write them in the form
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3x~y+2z+1s +0s,+ 0.5,

20 +4y + 02+ 05, + 15, + 05, = 12

—4x+3y +82+0.5, +05,+ s, =

—X+3y 22405, + 05, + 054

= p’

10

Solution by 51mp]ex method is presented in the follow ing table.

is the objecive function.

NZV | X y | oz : 5| N Qt\ Ratio ,

s 3l-1,2 1 0 0 7 7ii=-7 3isleast

P e e . R __. 4 ig p]\.rot_

S5 -2 4 0 0 1 { 12 12/4=3 | y replaces Sy

s, 438 0 0 1 10 G03-33 AllER,

; ; L. . :L:—_.=-.-.= § e memr memam e o —
ndicators : ' .

-3 2 0 6 0 0
f (4) R . o

: I R, R,+R

8| { 7 A ) 1

¥ 0 3 !

54 1 10 R3 — - 3R2 + R.{
A o0 [ Re 3Ry 4R,
S 0 10 1=(5 ’7)—4 disleast

: e : | 5/2is pivot |

¥ A4 03 3212 = _—6 - ¥replaces s, i

5, 41 1 1+-5/2=—-2s5 Also ( 2/5 ) R
| & sw2fo]2 o ss 0w 4
x0T 10 {4525 100 0 4

v =121 00 00 3 Ry 2. R, +R

s, B2 0 8 0 w341 Ry 1/2 R, +R,

[ A i_-y’jz 0 . 0 34 0 9 R—>1/2 R+R ?

x 1] 0 i‘m 0 2/5 1100 0 4

v oo 2515 300 0 s

& Lol o 1w 1 12 1 1
o RN - : : 4|_ _ -

A 0 0 | 12/'3 175 45 0 11 i No negative |

i ) B i ! indicators |
: (P)Mm_:l'i at r—4 =5,z-=
Thus the required minimum value of P = - 1latx = 4,y = 5,z = 0.
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38. Solve by simplex method the following LPP: Maximize Z = 6x, +9x, subject to

2x,+2x, £ 24, x,+5x, < 44, 6x1+2x2 < 60 and Xy, Xy 2 Q.

>> We prefer to divide the first and third constraints by 2 so that we have the

constraints in the form X tx, S 12, X+ 5x2 < 44, 33:1 +x, € 30.

Let us introduce slack variables 51» Sy Sy t0 the inequalities to write them in the form,

x +x2+1.s1 +O.52+0.s3 =12

1
x)+ 5)(2 + O.s1 + 1.52 + 0.53 = 44

3x +:rcz+{}.s1 +0.52+ 1.::3 = 30

1

6x; +9x, + 05, + 0.5, + 0.5y = Z s the objective function.

Solution by simplex method is presented in the foliowing table.

NZV ' x { s, | Qty Ratio
s, | 1 0 12 12 8.{3 is .least.
: 1= 12 5 is pivot :
R #-=-———— X, Teplacess, |
2 1 0] # i %4 _ss |Also1/5-R,
i 3 1 3 3
£ O Ay
1
= = e = — — e
A | -6 0 0 + }
5, 1 0 . 12 | R, = ~R+R,
x, | 1/5 0 445 | | |
S — —— .. q e - R _...I
33 3 1 30 _R3_)_R2+R3 ;
A -6 0 0 R, & 9R,+ R,
s, 45 0 | 16/5 le/5 Aisleast
4/5 =4 4/5 15 pivot
——f e _.__..___g xl replaces 51
X 5 O | #/5 445 | Also5/4R,
i 1/5
s, | 14/5 1 1106/5 1 106/5 e
: D
...:-..:-.—==!==._-_ B
A |-21/5 0 396/5 |
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| Nzv Ratio |

Ry —>-1/5-R;+R,

R3—>-14/5-R1+R3 :

No negative
indicators

39. Solve the following minimization problem by simplex method.

Objective function: P = —3x +8y -5z

Constraints: —x~2z €5, 2x-3y+2z2<3 2x-5y+6z £5, x x, =0

x 3

17 =27
>> Minimizing P is equivalent to maximizing —P = P’ = 3x -8y +5z
Let us introduce slack variables 81 S Sy 1O the inequalities to write them in the
following form

—x+0y-22+15,405,+05, =5

2x-3y+2+0s+1s,+0s, =3

2 —-5y+6z+0s,+0s,+1s; =5

3x—8y+5z+0s +05,+0s, =P’ is the objective function.

Solution by simplex method is presented in the following table.
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on

o

2 bz g
2_5.’65

~1/3 =573 0

5/3 -13/6 0

130 -5/6 0 1
S i e

-4/3 376 | 0

~1/3] -5/3 0 0

| 1/3 | -5/6 1

~4/3| 2376 0

0 |-21/100 0

1 -13/10 0

g

From—o——

0 !21/10| 0

1 -13/10 0

R

0 -25 1

s, 8y Qty
n' .n 5
1 0 3
0 1 5
n_ u {}
i
0 5
L 0 3

0 0 . 0

0 173 0 2043

0.83 is least

© 6is pivot

~ zreplaces s,
- Also 1/6 - Ry

R, — 5Ry+R,

13 1s ]Ieast.
543 is pivot

I 176 136 1376+5/3=13 Xreplacess,

0 - 1/6 5/6
0 356 256

0 13 203

3°5 - 110 13710

]

175 3710 213730

375 =110 13/10

30 143=5/2"

Also 375 R,

'R, > 1/3-R,+R,

|

i

: R3—>— 1/"3vR2+R3

No negative
indications

R, —=4/3-R,+R,

(P Yy = 59710 at x = 13/10, y = 0, 2 =2/5
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40. Show that the L.P.P for minimizing the objective function Z = —2u - 3v-w subject to
the constraints u+2v-2w <5, 3u-v-w<2, u, v, wz0 has unbounded
solution.

>> LetZ’ = —Z = 2u+3v+w for maximization be the objective function.

Let us introduce slack variables s, and s, to the inequalities to write them in the form

u+2v-2w+ 1.51 -1-0.52 =5

3u—ov—w+ 0.51 + 1.52 =2

2u+3v+w+0s;+0s, = Z'is the objective function.

Solution by simplex method is presented in the following table.

Ratio !
. o |
5/2-25 |25 isleast
T 2 is pivot. i
Negative | vreplacess,.
; Also1/2- R]
- R2_>R1+R2
. T‘_‘ B3R Ry
h/2 16
ECayy
/2 i
oo _9/4 :
o2 N - 1

Since both the ratios are negative we cannot proceed further.

Thus we conclude the L.P.P has unbounded solution.

EXERCISES
Solve the following linear programming problems graphically. [1-4 ]

1. Maximize z = 2x+4y subject to the constraints
3x+y <22, 2x+3y <24 ; x, y20

2. Minimize z = 2x+ 3y subject to the constraints
X+y =26, 2x+y 27, x+4y 28, x, y20

3. Maximize z = 5x + 16y subject to the constraints
x+6y <18 x+2y <6 ; x, y20
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4. Minimize z = 60x +50y subject to the constraints

x+2y <40, 3x+2y £60 ; x, y20

Solve the following L.P.P by applying simplex method [5-8]

5. Maximize P = 6x+ 10y + 2z subject to the constraints

10.

20x+4y+32 <40, x+y <10, 2y+z <12 ; x, y, 220

Maximize P = 3x+y+ 2z subject to the constraints
3x+2y+z <11, 2Zx+5y+2z2 <19, x+4y+32 <25, x, y, z2 0

Maximize P = 5x +3y subject to the constraints
x+y <2, 5x+2y <10, 3x+8y <12 ; x, y 20

Maximize P = 7x+ 12y + 162 subject to the constraints
22+y+z <1 ; x+2y+4z <2,

A radio factory produces two different types of transistors, ordinary model and
special model. For greater efficiency the assembly and finishing process are
performed in two different workshops. The ordinary model requires 3 hours of
work in workshop-I and 4 hours in workshop 11, while the special model required
6 hours in workshop - I and 4 hours in workshop 1I. Due to limited resources in
skilled labour and materials only 180 hours of work can be done in workshop I
and 200 hours of work in workshop-II. The factory makes a profit of Rs.30/- on
each ordinary model and Rs.40/- on each special model. Assuming that it can sell
all the transistors how many of each type should be produced in order to get
maximum profit ? Solve this L.P.P by both graphical and simplex methods.

The owner of a dairy is frying to determine the correct blend of two types of feed.

Both contain various percentages of four essential ingredients. Use the following
data to determine the least cost blend.

Ingredient | Percentage perkgoffeed _{  Minimum |
| ' Peed 1 . Feed 2 requirement inkg .
| 1 - SR I N ‘ N
‘ 2 | 10 | 30 | 2 i
3 20 | 40 3 |
4 S0 - L 6 |
Cost®s/kg) | .5 .. . 3 |
ANSWERS
1. x=0,y=8; z=232 2. x=53 y=07; z=127
3. x=0,y=3; z=48 4. x =10, y =15 ; z = 1350
5. 84 6. 19 7. 10 8. 12
9. 40 ordinary and 10 special models. Maximum profit = Rs.1600/-.
10. x; = 0.4kg (400 gms), x, = 0, Minimum cost Rs.2/-



